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Is computing a deep subject?
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Theoretical computer science 1s unnatural ...



t unnatural like Ikebana?

1S 1

... but




. or 1s 1t unnatural like Judo?
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A remarkable coincidence



Gerhard Gentzen (1909-1945)




Gerhard Gentzen (1935) — Natural Deduction

&1

A B
A&V

&-E

ALD ALY

A B

v B

. —

iva

L ET
B

v—I

v-E

(] [3]
AvB € €




Gerhard Gentzen (1935) — Natural Deduction
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Simplifying a proof

(B & A]? (B & A]”

&-E &-Eq
A B
&-1
A& B (B]Y [A]®
517 &-1
(B& A) > (A& B) BGA
D_

A& B



Simplifying a proof

(B & A]? (B & A]”

P &-Eq

A& B




Simplifying a proof

B & AJ? B & AJ?
P &-Eq - &-Eq
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Alonzo Church (1903—-1995)




Alonzo Church (1932) — Lambda calculus

An occurrence of a variable X in a given formula is ealled an oceurrence
of X as a bound variable in the given formula if it is an ocewrrence of X
in a part of the formula of the form 2x [M]; that is, if there is a formula M
such that Zx[M] oceurs in the given formula and the oceurrence of X in
question is an occwrrence in Zx [M]. All other occurrences of a variable
in a formula are called occurrences as a free variable.

A formula is said to be well-formed if it is a variable, or if it is one



Functwnal Programmung
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Alonzo Church (1940) — Typed A-calculus

[z A)*
: s:ADB t: A .
) 5.
u: B .
N st: B
M.u:ADDB
t: A u: B s: A& B s: A& B
&-1 &-Eg &-Eq

(t,u): A& B sgp: A s1: B



Simplifying a program

1z : B & A]? |z : B & AJ?

&-Eq &-Eg
21 - A 20 - B
&-1
(z1,20) : A& B ly: BlY |z:A]*
D-I7 &-1
Az.(z1,20) : (B& A) D (A& B) (y,z): B& A

DO-E

(Az.{z1,20)) (y,x): A& B



Simplifying a program

1z : B & A]? |z : B & AJ?
&-Eq &-Eg
21 - A 20 - B

&-1

(z1,20) : A& B - ly: BlY |z:A]*
Az2.(z1,20) : (B& A) D (A& B) (y,z): B& A ol

(Az.{z1,20)) (y,x): A& B

Y
B [ AP Bl [ AP
<y,x>:B&A&iZI (y,z) : B& A ol
(y,x)1 : A ! (y,x)o : B “Eo
&-1

(y, z)1, (y,z)o) : A& B

DO-E




Simplifying a program

1z : B& A)? 2 : B & Al?
&_El &'EO
<1 - A 20 B
&-1
(z1,20) : A& B [y: BlY [x: A"
o-IF &-1
Az2.(z1,20) : (B& A) D (A& B) (y,z) : B& A .
D_
(Az.(z1,20)) (y,x) : A& B
J
: BJY - ANF - B - Al®
[?J< ] .]57& A] o ly ]y ;x& A] o
Y, T) 4E, (y,x) : O
(y, z)1: A (y,2)0 - B o
((y, )1, (y, x)o) : A& B
Y

[z Al® |y BJY
(r,y) : A& B

&-1



William Howard (1980) — Curry-Howard Isomorphism

THE FORMULAE-AS-TYPES NOTION OF CONSTRUCTION

W. A, Howard

Department of Mathematice, University of
Illinois at Chicago Cirecle, Chicago, Illinois 60880, U.S.A.

Dedicated to H. B. Curry on the occasion of his 80th birthday.

The following consists of notes which were privately circu-
lated in 1969. Since they have been referred to a few times in
the literature, it seems worth while to publish them. They have
been rearranged for easier reading, and some inessential correc-

tions have been made.
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Second-order logic,
Polymorphism,

and Java



Gottlob Frege (1879) — Quantifiers (V)

It is clear also that from

|—— P(a)

—A
we can derive
Fre— (a)
A

if A 13 an expression in which a does not occur and if a stands only in the argument places
of Pla).’* If —Tr—(a) is denied, we must be able to specify a meaning for a

such that @(a) will be denied. If, therefore. L~ ®(a) were to be denied and



Gottlob Frege (1879) — Quantifiers (V)

If from the proposition that d has property F., whatever d may be, it can be inferred
that every resull of an application of the procedure f to d has property F, then property F
i8 hereditary in the f-sequence.

§ LG. p—— —-——

r— - —
]

n ¥ ¥)

C“ — i¥(a)
J(z, a)

I § ®a) | =

6.0
15 = £ (76).
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John Reynolds (1974) — Polymorphism

TOWARDS A THEORY OF TYPE STRUCTURE

John C. Reynolds
Syracuse Unfiversity

Syracuse, New York 13210, U.S.A.

Introduction
The type structure of programming languages has been the subject of an
active development characterized by continued controversy over basic

(1-7)

principles, In this paper, we formalize a view of these principles

(5)

somewhat similar to that of J. H. Morris. We introduce an extension of
the typed lambda calculus which permits user-defined types and polymorphic
functions, and show that the semantics of this language satisfies a

representation theorem which embodies our notion of a "correct" type structure.

To formalize the syntax of our language, we begin with two disjoint,
countably infinite sets: the set T of type variables and the set V of normal
variables. Then W, the set of type expressions,is the minimal set satisfying:
(l1a) If ¢t ¢ T chen:
t ¢ W.

(1b) If Vs w: £ W then:
(wZ * wz) e W.

(Ic) If t e T and w € W then:
(At. w) ¢ W.



Jean-Yves Girard (1972) — Polymorphism

UNE EXTENSION DE L'INTERPRETATION

DE GODEL A L'ANALYSE, ET SON APPLICATION
A L'ELIMINATION DES COUPURES DANS é
L'ANALYSE ET LA THEORIE DES TYPES :

Jean-Yves GIRARD

(8, Rue du Mowlin d"Amboile, 94-Sucy en Bric, France)

Ce travail comprend (Ch. 1-5) une interprétation de I'Analyse, exprimée
dans la logique intuitionniste, dans un systéme de fonctionnelles Y, déerit
Ch. 1, et qui est une extension du systéme connu de Godel [Gd]. En gros, le
systéme est obtenu par 'adjonction de deux sortes de types (respectivement
existentiels et universels, si les types construits avec — sont considérés comme
implicationnels) et de quatre schémas de construction de fonctionelles corres-
pondant A I'introduction et & I'élimination de chacun de ces types, ansi que
par la donnée des régles de calcul (réductions) correspondantes.

- § o .



Robin Milner (1975) — Polymorphism

A Theory of Type Polymorphism in Programming
Rom~ MiLNer

Computer Science Department, University of Edinburgh, Edinburghi, Scotland

Received October 10, 1977; revised April 19, 1978

The aim of this work 4s Lirpely a practical one. A widely cinplesed style of programming,
particularly in Ltructure-processing  laoguages which impose no discipline of types,
eniatls defining procedures which work woll on objects of a wide vanety, We present a
formal! type discipline for such polyinorphie procedures in the context of a simple pro-
gramming Language, and a compile time type-checking alporithra ¥ which enforees the
discipline. A Semantic Soundness Theorem (based on a formual serantics for the language)
states that well-type programs cannot “go wrong™ and a Syntacue Soundness "Theorem
states thut if ¥ uccepts o program then it s well typed. We aiso discuss extending these
results to richer linguages; a type-checking algorithm based on ¥ 1s i fact wlready
implemented and working, for the metalanguage MIL in the Edinbuigh LOF system,



Gosling, Joy, Steele (1996) — Java

James Gosling * Bill Joy * Guy Steele

The Java"™ Language
Specification




Odersky and Wadler (1997) — Pizza

Example 2.1 Polymorphism in Pizza

class Pair<elem> {
elem x; elem y;
Pair (elem x, elem y) {this.x = x; this.y = y:}
void swap () {elemt = x; x = y; y = t;}

Pair<String> p = new Pair("world!", "Hello," ):

p.swap():
System.out.printin{p.x + p.y);

Pair<int> q = new Pair(22, 64);

q.swap().
System.out.printin(q.x = q.y):




Igarashi, Pierce, and Wadler (1999)
— Featherweight Java

F-xz:0(x)
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Igarashi, Pierce, and Wadler (1999)
— Featherweight Generic Java

A:l'Fz: IN'x)

——— i — - ————— 8 ——————————— — T . — T —— . .

Q:Trep.t,: 7,

A:TlNrre:% ralypels, bound 5 (Te)) = <Y ol
ArFVok ArVa WP A;I'+-8:F5 ArSa VAN
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Gosling, Joy, Steele, Bracha (2004) — Java 5

lames Goslmg « Bill Joy * Gay Stedle « Gilad Bracha A

The Java' Language
Specification,
Third Edition
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Modality,
monads,
and XML



Clarence Lewis (1918) — Modal Logic

Systems previously developed, except MacColl’s, have only two truth-
values, “true” and “false”. The addition of the idea of impossibility
gives us five truth-values, all of which are familiar logical ideas:

(1) p, “pis true”.

(2) =p, “pis false™.

(3) ~p, “p is impossible”.

(4) =~p, “It is false that p is impossible”—i. e., “p is possible™.

(5) ~=p, “It is impossible that p be false”—i. e., “p is necessarly
true”.

Strictly, the last two should be written =(~p) and ~(=p): the parentheses
are regularly omitted for typographical reasons.

p— ' L ~ 1o ad
-— -— — - R e Y L o



Eugenio Moggi (1988) — Monads

Definition 2.1
A computational model is a monad (T, n, ;1) over a category C, i.e. a functor

I':C — C and two natural transformations ny:lde — T and pi: T? = T s.t.

. Iy o P . v 7". -
784 ETA S 124 TA—TA S T24 =2 _ T4
N 2
Ty A wm ia /,ﬂ”‘
_// l(l]‘
v Y \ W ‘.:"/
T4 ——> TA TA

Ha

which salisfies also an extra equalizing requirement; 54: A — T'A is an equalizer
of nr A and T(n4), te. for any f: B — TA s.t. figra = f:T(na) there enists a
unique m: B — A s.t. f = miny’.



Philip Wadler (1990) — Comprehensions

2.2 Comprehensions

Many functional languages provide a form of list comprehension analogous to set compre-
hension. For example,

[(zs0) |+ [1,2) vy = [3,4]] = [(1.3).(1.4).(2,3).(2,4))

In general, a comprehension has the form [t | ¢], where ¢ is a term and ¢ is a qualifier. We
use the letters ¢, u, v to range over terms, and p, ¢. r to range over qualifiers. A qualifier
is either empty, A; or a generator. z + u, where z is a variable and u is a list-valued
term; or a composition of qualifiers. (p. ¢). Comprehensions are defined by the following

rules: A
(1y [t] 4]
(2) [t]|x & u]
(2)  [t]{p.q)]

unit {,
map(Ae - ) u,

join[[tlq] | p).



Peter Buneman et al (1991) — Comprehensions

A more verbose version of this query can also be written

in SQL

SELECT Name = p.Name, Mgr = d.Mgr
FROM Emp p, Dept d
WHERE p D# =dD#

We can put a different interpretation on the syntax of
this query. In SQL, the symbols p and d are simply
aliases for the relation names Emp and Dept respectively.

interesting connections with what we shall develop. In
our syntax this query is written:

{(Name = p.Name, Mgr = d.Mgr] |
\P < Empv
\d <— Dept,
p.DONum = d.DNum}

The syntactic form {¢ | ¢), ¢€2,..., ¢n} 15 & compreken-
ston. It is an expression that denotes a collection - in



XQuery (2004) — FLWOR

3.8 FLWOR Expressions

XQuery provides a feature called a FLWOR expression that supports iteration and
binding of variables to intermediate results. This kind of expression is often useful for
computing joins between two or more documents and for restructuring data. The
name FLWOR, pronounced "flower", is suggested by the keywords for, let, where,
order by, and return.

o)
b4
=
o
<
-
O
S
s

<authlist>

{
for $a in fn:distinct-values($bib/bocok/author)
order by $a
return
<author>
<name> {$a) </name>
<books>
{
for $§b in $bib/book[author = $a]
order by $b/title
return $b/title
)
</books>
</author>

}
</authlist>



XQuery (2004) — Formal Semantics

4.8.2 For expression

Static Type Analysis

A single tor expression is typed as follows: First Type, of the iteration expression Expry is
inferred. Then the prime type of Type,, prime(Type,), is computed. This is a union over all
item types in Type, (See [8.4 Judgments for FLWOR and other expressions on

sequences]). With the vanable component of the static environment statEnv extended with
VarRef, as type prime(Type,), the type Type, of Expr; is inferred. Because the for

expression iterates over the result of Expry, the final type of the iteration is Type, multiplied
with the possible number of items in Type, (one, 2, +, or +). This number is determined by the
auxiliary type-function quantifier( Type;).

statEnv |- Expry : Type,
statEnv + varType(VarRef, : prime(Type,)) |- Expra : Types

statEnv |- for VarRef, in Expry return Exprs : Types - quantifier(Typey)



Part 1V

Classical logic,

continuations,
and the Web



Andrei Kolmogorov (1925)

To an elementary formula S there corresponds in pseudomathematics the formula
S*, which expresses the double negation of =:

(m

(48) S* =

In what follows we shall, for convenience, denote the double negation of 2 by »Z2.

To the formula of the nth order F(E,, 2,,..., E,), where E,, 2,,..., &, are
formulas of the (n~1)th order at most, there corresponds in pseudomathematics the
formula F(2,, S,,..., ,)* such that

(49) F(E,,8;....8)*=nF(S?, 23,...,E),

-
3

(]

, S%. ..., 2 being regarded as already determined. For example, to the formula
a = b— {Ala) — Bla)}
there corresponds in pseudomathematics the formula

ninla = b) — nind(a) —= nBla)}l



Gordon Plotkin (1975)

We begin with a simulation of call-by-value by call-bv-name. Given a call-by-value
language with its Cons:applyy, Eval, and 4,, we consider the call-by-name .anguage
whose variables are these of the given language together with threc others, x, e and f
say, and whose list of variables for the substitution prefix is that of the given language.
Its Constapply will be given in a little while. First the term :imulation map M - M

sending terms in the call-by-value language to the czll-by-name language is given
by the recursive definition:

a = Az (xa)
X = Az (xx)
ixM = Az (» (1xM))
MN = 2s: (M (N (APapx))).
Constapplyy is given by:

Constapply(a, b) = Constapply,(a, b)



Philip Wadler (2000)

(8&) (V.W) e fst[K] —. VeK
(3&) (V,W)esnd[L] —, Wel
(3v) (V)inl e [K, L] —e VoK
(3V) (W)inre [K.L] —. Wel
(3-) [Klnot enot{M) —, MeK
(3D) Ae. NeV 1 L —ys Vex(Nel)
(3L) Ve x(S) — S{V/x}
(3R) (Slae K — S{K /o)
(B&) (M,N)efstfP] —,. MeP
(3&) (M,N)esnd[Q] —. NeoQ
(Bv) (Minle[P,Q] —u MeP
(Bv) (Ninre[P,Q] —. NeQ
(3-) [K]not enot(M) —, MeK
(3D) Ar. NeMaQ —n Mex.(NeQ)
(3L) Meux(S) —n S{M/x}
(3R) (S)aeP —, S{P/a}



Philip Wadler (2000)

IdR IdlL.
r-A=01r: A a:Al=a: A
'=@1A A l'-"')l.\"l?ﬁn K:AIl'=© L:BIl'=@& -
(=1 MN):ALB b fstiK]: A& BIN=0© ?-Illi”_f ALBIN=—© il
F=01M:A '--oIN:B VR KN:Alll=@© I.'”l[""‘le
Fr=alMinl: AVEB Fr=e1l Ninwr:AVvEB ? []\'. I] cAVBITNT=—0 =
K:AI'— B r-oiiM:A
"=l [Kuot : -A not(M):-AI'=©
r A I'=6IN: DB R '=&01M: A L Bl.\—'-\-]
3 214
[= 1A N:ADB ™ MGL:ADBIT''A=6.A
Frske,o: A Rl r: A TISkHO
F'=601(S)a: A r(S):AI=e

F=@IAM A I\'-.\l_\"-\(..
-t
FANM e K6, A




Orbitz: Two flights
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Graunke, Findler, Krishnamurthi, Felleisen (ESOP 2003)



Orbitz: Clone and submit first




Orbitz: Submit second




Orbitz: Select first — problem!




Burstall, MacQueen and Sannella (1980) — Hope




— Hope

b\/’



main() { todo([]) }
todo(items) {
<html><body>
<hl>Items to do</hl>
<table>{
for item in items return
<tr>
<td>{item}</td>
<td>
<form l:action="{todo(items\\[item])}">
<input type="submit" value="done"/>
</form>
</td>
</tr>
}</table>
<form l:action="{todo(items++[new])}">
<input l:name="{new}" type="text" size="40">
<input type="submit" value="add"/>
</form>
</body></html>

}
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Part V

Conclusions






Kinds of coincidence

Historical confluence of great minds — Hume, Hutton, Smith

Astronomical size of sun and moon from earth
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Scottish Programming Language Seminar

Dec 2004 University of Glasgow
Mar 2005 University of Edinburgh
Jun 2005 Heriot-Watt University
Sep 2005 University of St Andrews?
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